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G — LiMIT AND CONTINUITY

3.1 Definition of Limit

Definition 3.1.1 Formal Definition of Limit Let f be a function defined on an open interval
containing a, with the possible exception of a itself. Then the limit of f(x) as x approaches a is the
number L, written as

lim f(x) =L iff

xX—a

for every number € > 0 there is a number 6 > 0 such that if

0<|x—a| <95, then |f(x)—L|<e.

A Geometric Interpretation

Let € > 0 be given. Draw the lines y =L+ ¢ and y = L — €. Since |f(x) —L| < € is equivalent to
L—e<x<L+e, 1i_r>n f(x) = L exists provided that we can find a number 6 such that if we restrict
X—a

x to lie in the interval (a — 8,a + &) with x # a, then the graph of y = f(x) lies inside the band of
width 2¢ determined by the lines y =L — € and y = L — € . (See Figure 3.1) You can see from Figure
3.1 that once a number 6 > 0 has been found, then any number smaller than d will also satisfy the
requirement.

a— 8 a+ 8

Figure 3.1:
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1. 6 is afunction of €
2. 0 is not unique
3. Forall §' < § itis true

= Example 3.1 Show that

lim(3x—4) =8

x—4

Proof: Let € > 0 be given. We must find > 0 such that
0<|x—4|<dé = |f(x)—8|<e
Consider

|f(x)—8|<e = |(Bx—4)—-8|<e
= [Bx—12|<e¢
£

= —4| <
be—d] <3

Now choose 6 = g Thus

€

O0<|x—4|<d = |Bx—4)-8 =3x—12|=3x—4|< 33

=€

» Example 3.2 Show that lim(x*> — 1) =3 .
x—2

Proof: Let € > 0 be given. We must find § > 0 such that
0<|x—=2|<dé = |f(x)—3|<e
Consider

If(x)=3|<e = |(x¥*-1)-3|<e
= |[K¥—4|<e
= |(x=2)(x+2)|<e

Let 6 =1, thus,

x—2| <1 = -l<x—-2<1
= 3<x+2<5
Hence, |x+2|<5

Thus we have
£
4] =[x +2|x—2| <Sx—2|<e=|x—2| < 3
. €
Now choose 6 = mln(g, 1)
Thus

0<|x—2|<8 = |*—1)-3]<5x—2 <5§:g

Zena S. @ ASTU, 2017 Applied Mathematics I



3.1 Definition of Limit 47

» Example 3.3 Using € — § definition of limit prove that "

1. lim(x* +x) =12
x—3

2. lim (x* +x) =6
x—-3
.2 1

. lim =
—3x+3 3

4. lim(2++/x) =5
x—9

Proof. 1. Let € > 0 be given. We must find 6 > 0 such that
0<|x=3/<8 = |(FP+x) —12|<e
Consider
If(x)—12|<e = |(FP4+x)—12)<e
= |(x+4)(x-3)|<e¢
= |x+4|x-3|<e
Take § = 1, then
x—3| <o Ix—3] <1
—-l<x-3<1
2<x<4

= 6<|x+4/<8

R

Thus we have e
lf(x) = 12| = |x+4|]x—3] <8]x—3| < e iff ]x—3\<§

€
Now choose 6 = min(1, §)

Thus,
0<’x—3|<5:>|x2+x—12|=|JC+4|\x—3|<8§:s
2. Let € > 0 be given. We must find 6 > 0 such that
0<|x—(-3)|<8 = |(*+x)—6]<e¢
Consider
f(x)—6l<e = |(P+x)—6|<e
= |(x—=2)(x+3)|<e
= |[x+3|x—2|<e
Take 8 = 1, then
x+3]<é = [x+3|<1
= —1<x+3<1
= —Ad<x< =2
= —-6<x—-2<—-4
= 4<2-x<6
= [2—x/<6
Thus we have .
|f(x)—6|=|x+3|]x—2| <6lx+3|<e iff |x+3\<6
Now choose 6 = min(1, %)
Thus,
0<!x—3|<6:>|x2+x—6\:]x+3|]x—2\<6§:8
o lim (X 4x) =6

x——3
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3. Let € > 0 be given. We must find 0 such that

O<]x—3\<5:>'f(x)—

Consider . 5 .
'f(x)—3‘<€ = x+3—3'<e
’6(x+3)’ .

3(x+3)

1{x-3

3x+3’

= —-l<x-3<l1
= 2<x<4
= S5<lx+3|<7
N 1< 1 <1
7 |x+3] 5
Thusv&iehave 1
= x—3|<e iff [x—3|<15¢
=30y < sk -3
Now choose 6 = min(1, 158)

Thus,
1 1 3
0<x—3/<5 = y——f|— .

4. Let € > 0 be given. We must find & such that

0<[x=9|<d=|f(x)

Consider
lf(x)=5]<e = |2+vx)-5|<¢
= |Vx-3|<e
x—9
’ﬁ+3|<8

8<x<10

1 1

=
=
= V8+3<Vx+3<V10+3
=

= <
3'x+3

< <
V10+3 - [vx+3[ V843

Thus we have

1 1
x—=9 <
SERINVCE I

Now choose & = min(1,(v/8+3)e)
Thus,

0<|x—9/<é=|2+vx—5] =

<

x—9
Vx+3

1
V8+3

—5l<e

x—9|<e iff |x—9|<(V8+3)e

(V8+3)e=
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3.2 Basic Limit Theorems

Theorem 3.2.1 If m and b are any constants, then lim(mx +b) = ma+b
X—a

Theorem 3.2.2 If c is a constant, then for any number a, limc = ¢
X—a

Theorem 3.2.3 If lim f(x) = L and lim g(x) = M then;
X—a

L. lim(£(x) £ g(x)) = lim f(x) % limg(x) = L= M

2. Tim(f(x).g(x >>—hmf<x)1 1¢(1) = LM

3. 1i f(x)—’l‘grfl’f(x) L orovided that M 0
. x%@ = limg() Mprow ed that M #

Theorem 3.2.4 If lim f(x) = L and n is any positive integer, then
X—a

lim[f(x)]" =L"

X—a

Theorem 3.2.5 If lim f(x) = L, then
X—a
lim /7 (x) = VL
X—a

if L > 0 and n is any positive integer, or if L < 0 and n is a positive odd integer

Theorem 3.2.6 If f and g are functions such that lim g(x) = L and lim f(x) = f(L), then

X—a X—a

tim £(g(x)) = f (limg(x)) = £(L)

m Example 3.4 Evaluate the following limit

. 2 3
(a) xgm1(3x 2x+1) ) 11

(2) lin; V3x2 —4x+9

R 9f— T
b) im—M o Vx+1—+1—x
(®) lim 253 (e) lim - ®) )16131 1
222 ~5x42 2 363
© h 25x2 7x+6 f) lim————— X243V 1,3/ —
= —>
ok 8 4—16/x T

Solution: (i) Lettzlin}\3/x+7 — P =x4+7 = x=-7
X—

Observe that as x approaches 1, ¢ approaches 2. Therefore

limﬁ — hmw_hmyt
=l x+T—2 12 t—2 R )
3(t—2)(>+2t+4
= U2 2o a) = 36
—2 t—2 t—2
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One sided Limits

Definition 3.3.1 1. Let f be a function which is defined at every number in some open interval
(a,c). Then the limit of f(x), as x approaches a from the right, is L, written
lim f(x)=L

x—at
if for any € > 0, however small, there exists a § > 0 such that,

|f(x) —L| < € whenever 0 <x—a < 6

2. Let f be a function which is defined at every number in some open interval (d,a). Then the
limit of f(x), as x approaches a from the left, is L, written
lim f(x)=L

X—a -
if for any € > 0, however small, there exists a § > 0 such that,

|f(x) —L| < € whenever —0 <x—a <0

Theorem 3.3.1 If f is defined throughout an open interval containing a, except possibly at a itself,
then lim f(x) = L if and only if both lim f(x) =L and lim f(x) = L.
x—a x—at x—a-

= Example 3.5 Find lim (1+vx—2) .
x—2%
= Example 3.6 Suppose f(x) = L ifx#0and f(0) = 1. Find lim f(x) and lim f(x). What is
X x—0~ x—=07
lim f(x)? .
x—0

3 if 1
= Example 3.7 Suppose f(x) = {;Jr l.f 7 1 "
, if x=

—x+3 if <2
» Example 3.8 Suppose f(x) = { o ) 1 if . ; 2 )
x—2, 1 X =z

The Squeeze Theorem

Theorem 3.3.2 The Squeeze Theorem
Suppose that f(x) < g(x) < h(x) for all x in an open interval containing a, except possibly at a, and

lim f(x) = L = limA(x)

x—a x—a

Then

limg(x) =L

Xx—a
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Figurel: An illustration of the Squeeze Theorem

1
= Example 3.9 Find lim x> sin — .
x—0 X

Solution: Since —1 <sint < 1 for every real number ¢, we have
1
—1<sin— <1 forevery x#0
X
Therefore

1
—x* < x*sin— sz, x#0
x

1
Let f(x) = —x?, g(x) = x?sin —, and h(x) = x*.Then
x
f(x) < 8(x) <h(x).
Since
. . 2 . . 2
) = o) =0 and - Jight) = i =0

The squeeze theorem implies that

1
lim 4 (x) = limx?sin— =0
x—0 x—0 X

Theorem 3.3.3

lim sin @

=1
6—0 0

T
Proof: First, suppose that 0 < x < —. The Figure below shows a sector of a circle of radius 1.

The area A of a sector with radius r and a central angle of 6 radians can be derived by:

A 6 | area of the sector _ central angle of the sector

w2~ 27 | area of the circle  centar angle of the circle

From the figure we see that

1 1 1
Area of A\ OAB = Ebase.height = 5(1) sinf = 3 sin 6

1 1
Area of sector OAB = §r29 = 59

1 1 1
Area of A OAC = Ebase.height = 5(1) tan 6 = 3 tan 6
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Area = A

tan &

Since 0 < Area of A OAB < Area of sector OAB < Area of /A OAC, we have,
1 1 1
0 < Esine < 59 < Etan@

Multiplying through by (2/sin 0) and keeping in mind that sin® > Oand cos® >0 for0 < 6 < /2
we obtain

0 1
sin@ cos@

or, upon taking reciprocals,

cosf < sin6 <1
sin 0
Let f(0) =cos0,g(0) = 5 h(6) = 1 Observe that,
li =li =1=1
elg%f(o) 9152)0059 613})%1(9)

Then the squeeze Theorem implies that

sin @
li 0) =1 =1
elg%g( ) elg(l) 0
Theorem 3.3.4
lim cosO —1 _0
6—0 0
= Example 3.10 Find
sin2x 2x+1—cosx
@ )lclg(l)t 3x © xl—I}(l) 4x
(b) lim ¥
x—0 X
[ |
Solution: 5 5 sin2 5 5
. sin2x sin2x
(@) lim =3 T 3“1>3
t.
(b) lim — = lim —— >~ = — (1) =1
x—>02x+1 x—0COSX X 5 cosO L 2 |
X —COoSx X  COSX—
Iim—— =lim— — = Z_(10) ==
© 50 4x 30 4x 4x 4 ()(©) 2
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Infinite Limits, Limit at infinity and Asymptotes
Infinite limits and Vertical Asymptotes

Definition 3.4.1 Let f be defined on an interval that contains a except possibly at a itself. Then
1. lim f(x) = oo iff for every M > 0, there is a 6 > 0, such that

Xx—a
if 0 < [x—al| <&, then f(x) >M

2. lim f(x) = —oo iff for every N > 0, there is a § > 0,

Xx—a

if 0 < |x—a| < d,then f(x) <N

Definition 3.4.2 The line x = a is called a vertical asymptote of the graph of y = f(x) if any one
of the following limits holds true:
lim f(x) = £eo, lim f(x) = oo, lim f(x) = %o

x—a~ x—a- X—a

1
s Example 3.11 Show that lim — = m
x—0 X

Solution: Let M > 0 be given. We want to show that there exists a § > 0 such that
1
— > M whenever 0 < |x—0] < J.
X

To find &, consider

! >M
%)
- JPRLIN x| < L
M VM
1
Choose 6 = T Thus, x| < § = x* < &2
1 1
SO ;>§2M
. 2x 5 degi k%
Example 3.12 1 =00 im ———— —oo
T 2 RS =
(b) lim —— — —oo
—3-x—3

2x

Therefore, the line x = 3 is the vertical asymptote of f(x) = 3
r—

Limit at infinity and Horizontal asymptotes

Definition 3.4.3 1. Let f be defined on an interval (a, ), then
lim f(x) = L iff

x—ro0
for every € > 0 there is a number M > 0 such that if x > M, then |f(x) —L| < €.

2. Let f be defined on an interval (—eo,a), then
lim f(x) = L iff

X—>—00

for every € > 0 there is a number M < 0 such that if x < M, then |f(x) — L| < €.
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Definition 3.4.4 The line y = L is called horizontal asymptote of the graph of y = f(x) if either
lim f(x) =L,or lim f(x)=
x—r—oc0

X—yo0

= Example 3.13 Find
1 2|
(2) lim - =0 @l lEm
)wal x——c0 X —2
(b) lim —=0 i
X—— X (e) xl_lglw x2+1
© lim 2 —x+1
im— ="
x—e0 3x2 +2x — 1
| |
1

Therefore, the line y = 0 is the horizontal asymptote of f(x) = —
X

m Example 3.14 Find the vertical and horizontal asymptotes of the graph of
Ixz+1

0 ="=s .

Solution:

1. To find vertical asymptote

lim Ox2+1 _
5- 3x—5
x—}g

5
Thus, the line x = 3 is the vertical asymptote of f(x)
2. To find the horizontal Asymptote

9x2+1 \/ 9+

me s T Mm-S 5

x\/9—|—
, since x > 0, Va2 =x

:}5903x5 x

' X 9+x2 . 9+X7 \/§
= hmiszhmiS:?:l
X—ro0 X—o0
x(3—;) (3—})
Again,
5 1 1
o VO i *O+ ) i (=0\9+ 5 0./
T I - P e S P
1 1
(=x)1/9+ = (—1) 9+; NG
= lim 3 = lim 3 3 1
X——o0 X——o0
x(3--) 3--)

Thus, the lines y = 1 and y = —1 are the horizontal asymptote of f(x)
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Exercise 3.1 Find the asymptote of the following functions
2x
1. =——
x —_—
2. ==
8(x) X3 —2x2+x }

3.5 Continuity of a function

Definition 3.5.1 A function f is said to be continuous at a if lim f(x) = f(a)
X—a

Note: If f is continuous at @, then
1. f(a) is defined
2. lim f(x) exists
X—a
3. lim f(x) = f(a)
X—a

If f is not continuous at a, then we say that f is discontinuous at a.

m Example 3.15 Find the points of discontinuity of

P e
. *—x—2 .
2. f(X): ;7 lf x#O 4. f(X): x—2 ) lf x#z
I, if x=0 1, if x=2

3.5.1 One sided continuity
Definition 3.5.2 1. fis said to be continuous from the right at a if
lim (x) = f(a)
2. f is said to be continuous from the left at a if

lim f(x) = f(a)

2x+1 ifx<1
Example 3.16 Let f(x) =
" xamp =122 ifx>1
Determine whether f is continuous from the right at 1 and/or from the left at 1. "

Solution: Because
lim f(x)= lim (2x+1)=3# f(1) = —1.
x—1- x—1-
Hence, f is not continuous from the left at 1
lim f(x) = lim 2x+1)=—-1= f(1)=—1.
x—1+t x—1t

Hence, f is continuous from the right at 1.

p) A function fis continuous at a if and only if f is simultaneously continuous from the right and
from the left at a.
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3.5.2 Continuity on Intervals

Definition 3.5.3 A function f is said to be continuous on an open interval (a, ) if it is continuous
at each point of (a,b). A function f is continuous on a closed interval [a, D] if it is continuous on
(a,b) and is also continuous from the right at a and from the left at b . A function f is continuous
on a half-open interval [a,b) or (a,b] if f is continuous on (a, b) and f is continuous from the
right at a or f is continuous from the left at b , respectively.

= Example 3.17 Show that the function f defined by f(x) = /9 —x? is continuous on the closed
interval [—3,3] . .

Solution: We first show that f is continuous on (—3,3) . Let a be any number in (—3,3). Then, using
the laws of limits, we have

lim f(x) = lim V9 —x2 = /9 — a? = f(a)
xX—a xX—a

and this proves the assertion.

Next, let us show that f is continuous from the right at —3 and from the left at 3.

Again, by invoking the limit properties, we see that

lim f(x)= lim VI—x2=19-32=0=f(-3)

x——3+

and

ligl flx) = lirgl V9—x2=1+/9-32=0= f(3) and this proves the
x—3~ x—3~

assertion. Therefore, f is continuous on [—3,3] .

Theorem 3.5.1 If f and g are continuous at a, and c is a constant then the following are also
continuous at a.

(@) f*s. (®) cf. © f. @ L it £0

Theorem 3.5.2 The following functions:
Polynomial, Rationals, Root functions, Trigonometric functions, Inverse trigonometric functions,
exponential functions and Logarithmic functions are continuous on thier domain.

Theorem 3.5.3 If lim g(x) = b and f is continuous at b, then
xX—a
lim /(g(x)) = £(b) i lim (5(x)) = f(lim g(x))

Theorem 3.5.4 If g is continuous at a and f is continuous at g(a), then fog is continuous at a i.e.,

lim £(5() = /(s(@)

= Example 3.18 Find the constant a and b such that
ax+3, if x>1
flx)y=4¢ 4 if x=1
¥4+b if x<1
is continuous at x = 1 m
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Solution: f is continuous at a iff lim f(x) = lim f(x) = f(a)
x—at x—a-

lirgf(X) =f(1) = lg{g(axH) = f(1)
= a+3=4=>a=4-3=1
and
lim f(x)=f(1) = 1i1}17(x2+b) = f(1)

x—1-
= 1+b=4 = b=4-1=3

Exercise 3.2 Determine whether f is continuous or discontinuous at a.
. fx)=vx—=2; a=2

|x—4|
for x # 4 —4
2 f)={ x—a [r*F “

A for x=4
1
3. fx) = xsin; ifx#0 a=0
2 ifx=0

3.5.3 Intermediate Value Theorem (IVT)

Theorem 3.5.5 Intermediate Value Theorem (IVT)
If f € Cla,b] and k is any number between f(a) and f(b), where f(a) # f(b) then there exist a
number ¢ in (a,b) for which f(c) =k

Theorem 3.5.6 IVT for Locating root
If f(x) is continuous on [a,b], f(a) and f(b) are of opposite signs, then there exists at least one

number xg in (a,b) such that f(xg) = 0.

fib) =0

True solution

[ i
=

True solution flb) <0

Figure 3.2: Solution of f(x) =0 betweenx =a andx =b

m Example 3.19 Show that the equation
=2t =23 482 —3x—3
has a solution between I and 2
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Solution: Let
fx)=x —2x* =28 +8x* —3x—3
Since f is a polynomial function, then f is continuous on R .
Note that f(I)y=—land f(2) =7
Thus, f(1) <0< f(2)
i.e., k =0is between f(1) and f(2)
So, by the IVT there is a number ¢ between 1 and 2 such that f(c) = 0.

Exercise 3.3 Show that the equation given below has at least one real root.
1. 283 +x* —x+1=5in]1,2]
2. x+tanx=1in [0, Z]

3. X —x*+2x+3=0in[-1,0]

Zena S. @ ASTU, 2017 Applied Mathematics I



